Exact expressions are presented for a time-averaged pressure and density at a fixed point in a strongly nonlinear plane acoustic wave radiated into an inviscid ideal gas of semi-infinite extent by a harmonic oscillation of an infinite plate. By making use of the exact solution of simple wave, the time averages of pressure and density are obtained up to the time of shock formation, in complete forms involving the hypergeometric functions.
INTRODUCTION
Time averages of pressure and density at a fixed point in the nonlinear plane progressive waves were examined by the leading pioneers of nonlinear acoustics. [1] [2] [3] [4] [5] They expanded the time averages in infinite series in wave amplitude, and evaluated first several terms in the series. Such truncated formulas can only be applied to the case that the nonlinearity is sufficiently weak, i.e., the acoustic Mach number M defined as
is sufficiently small compared with unity, where u 0 is the maximum speed at the sound source and c 0 is the speed of sound in an undisturbed fluid. Recently, the strongly nonlinear propagation process characterized by the conditions M ϭO͑1 ͒ and Reӷ1, ͑2͒
has been analyzed in Ref. 6 ͑Re is the acoustic Reynolds number 7 ͒, and as a result, several strongly nonlinear phenomena have been found, which present striking contrasts to the results of the conventional weakly nonlinear theory. Among the strongly nonlinear phenomena, acoustic streaming ͑mean mass flow͒ due to the presence of shocks and resulting decrease in the density of the gas near the source may be deserving special attention, because whether the wave motion can reach a steady state or not may strongly be affected by them; this will be discussed in detail in a forthcoming paper.
Clearly, the truncated formulas of mean values obtained by the pioneers are insufficient for the analysis of the strongly nonlinear problem. In the following, we shall evaluate the mean pressure and mean density at a fixed point in complete forms.
I. EXACT SOLUTION OF SIMPLE WAVE
We shall consider the propagation of nonlinear plane acoustic waves in an inviscid ideal gas, up to the time of shock formation. The gas is supposed to be initially uniform and at rest. At the time t*ϭ0, the plate starts executing the harmonic oscillation of amplitude a and angular frequency , and thus the plane acoustic wave is emitted into the gas of semi-infinite extent ͑see Fig. 1͒ .
We shall introduce the nondimensional variables
where x* is the distance from an initial position of the plate, u* is the x* component of the fluid velocity, * is the density of the gas, and p* is the pressure ͑ 0 and p 0 are the initial undisturbed density and pressure, and ␥ is the ratio of specific heats of ideal gas͒. Since the gas is uniform and at rest for tр0, the initial conditions at tϭ0 are
The boundary conditions on the plate is given by
where M ϭa/c 0 is the acoustic Mach number. The weakly nonlinear waves and the strongly nonlinear waves are characterized by the conditions M Ӷ1 and M ϭO͑1͒, respectively. Up to the shock formation time, the wave is the simple wave, 8 and the exact solution of simple wave satisfying the mass and momentum conservation laws, the isentropic relation, initial condition ͑4͒, and boundary condition ͑5͒ can be obtained by the method of characteristics:
where is a parameter indicating the time when a characteristic in the (x,t) plane ͓the second of Eq. ͑6͔͒ is issued from the plate. Once the function u(x,t) has been found from Eq. ͑6͒, we can readily have other quantities as functions of x and t:
͑7͒
Here, the first of Eq. ͑7͒ is the isentropic relation for the ideal gas and the second is derived from the fact that a Riemann invariant uϪ2c/͑␥Ϫ1͒ is equal to Ϫ2/͑␥Ϫ1͒ everywhere (cϭͱ␥p/ is the nondimensional local speed of sound͒. The velocity profile described by Eq. ͑6͒ is distorted as the wave propagates, and this waveform distortion eventually leads to the formation of shock wave at the smallest time t s satisfying ‫ץ‬u/‫ץ‬xϭϪϱ. The time t s and distance x s of shock formation have been analyzed in Ref. 6 , by using Eq. ͑6͒. ͑N is not necessarily an integer͒. Since we take the ideal gas, 1Ͻ␥ р5/3, and hence Nу2. The air ␥ϭ1.4 corresponds to the case of Nϭ3. Substituting Eq. ͑9͒ into the second of Eq. ͑6͒ and differentiating it with respect to with x being fixed, we have
II. MEAN PRESSURE AND DENSITY
By making use of the exact solution of simple wave presented in Sec. I, we shall evaluate the time-averaged presdt d ϭ1ϩ ͓2N/͑2NϪ1͔͒M͑ M ϩx͒cos ϩM sin Ϫ͓2N/͑2NϪ1͔͒M 2 ͑ 1Ϫ͓2N/͑2NϪ1 ͔͒M sin ͒ 2 .
͑10͒
Substituting Eq. ͑7͒ into the definitions of p and , we can rewrite Eq. ͑8͒ into
where the range of integration is shifted to ͓0,2͔, since the integrands are composed of sin and cos ͓cf. Eq. ͑10͔͒. Substituting Eq. ͑10͒ into Eqs. ͑11͒ and ͑12͒, expanding the integrands into the power series of M , and integrating the resultant equations term by term, we obtain pϭ 2NϪ1 2Nϩ1
where ⌫ is the gamma function and F(a,b,c;z) is the hypergeometric function. In calculating Eqs. ͑13͒ and ͑14͒, Wallis's formula has been used. Note that the term by term integration is allowed within the convergence radius of power series, i.e., M Ͻ(2NϪ1)/2N, ͑M Ͻ5/6 for ␥ϭ1.4͒. On the other hand, the use of the simple-wave solution requires that t s Ͼ2; this imposes the severer restriction for M than the convergence radius ͑M should therefore be less than 0.25 for ␥ϭ1.4, see Ref. 6͒. Accordingly, the results, Eqs. ͑13͒ and ͑14͒, are valid for 0рxрtϪ2 and tрt s in the case of t s Ͼ2. We shall remark that p and are independent of not only t but also x.
For the case of air, Nϭ3, Eqs. ͑13͒ and ͑14͒ can be rewritten into
In the case that the nonlinearity is weak, i.e., M Ӷ1, we can truncate the infinite series and obtain
For the case of air, Nϭ3, we have 
III. CONCLUDING REMARKS
We have presented the exact formulas for the mean pressure and density. Here we would like to give some relevant remarks:
͑i͒ Exact mean velocity can also be obtained in a similar way:
͑19͒
which has already been derived by Blackstock. 4 ͑ii͒ The mean energy flux E and the mean momentum flux M can also be obtained, in a similar way, as 
